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a b s t r a c t
We consider the incompressible magnetohydrodynamic (MHD) equations with the
coefficients depending on the density and temperature. We prove the existence of unique
local strong solutions for all initial data satisfying a natural compatibility condition. The
initial density need not be positive and may vanish in an open set.
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1. Introduction
Magnetohydrodynamics is that part of the mechanics of continuous media which studies the motion of electrically
conducting media in the presence of a magnetic field. The applications of magnetohydrodynamics cover a very wide range
of physical fields. The equations of incompressible magnetohydrodynamic flows have the following form [1,2]:
∂tρ + div (ρu) = 0, (1)
∂tH + curl (H × u)+ curl (νcurlH) = 0, (2)
divH = 0, (3)
∂t(ρu)+ div (ρu⊗ u)− div (2µdu)+∇p = curlH × H, (4)
div u = 0, (5)
Cv(∂t(ρθ)+ div (ρuθ))− div (k∇θ) = 2µ|du|2 + ν(curlH)2 (6)
in (0, T )×Ω together with the boundary and the initial conditions
(H · n, curlH × n, u,∇θ · n) = (0, 0, 0, 0) on ∂Ω × [0, T ], (7)
(ρ,H, ρu, ρθ) = (ρ0,H0, ρ0u0, ρ0θ0) inΩ. (8)
Herewedenote byρ,H, u, p and θ the unknowndensity,magnetic field, velocity, pressure and temperature, respectively.
du := 12 (∇u+ ∇Tu) is the deformation tensor. We assume that the magnetic diffusivity ν := ν(ρ, θ), viscosity coefficient
µ := µ(ρ, θ), specific heat at constant volume Cv := Cv(ρ, θ) and heat conductivity k := k(ρ, θ) are positive functions of
ρ and θ . Finally, (0, T )×Ω is the time–space domain for the evolution of the fluid, where T is a finite positive constant and
Ω ⊆ R3 is a bounded domain or an unbounded domain such as R3 or an exterior domain with smooth boundary. However,
for simplicity, we will assume thatΩ is a bounded domain with smooth boundary ∂Ω whose unit outward normal is n.
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The existence of unique local smooth solutions to problems (1)–(8) has been proved in [3] with the main hypothesis
inf ρ0 > 0, inΩ (9)
when ρ ≡ 1 and θ ≡ 1; the problems (1)–(8) have been the subject of many studies, and we refer the readers to [4–7] and
the references therein.
For H ≡ 0, the problem has been studied by many authors [8–17]. Very recently, Cho and Kim [18] showed that the
problem has a unique local strong solution (ρ, u, p, θ)with the main hypothesis
inf ρ0 = 0, inΩ (10)
and some natural compatibility conditions:
−div (2µ0du0)+∇p0 = ρ1/20 g1,
−div (k0∇θ0)− 2µ0|du0|2 = ρ1/20 g2

inΩ (11)
for some p0 ∈ H1 and (g1, g2) ∈ L2(Ω). And further they assume an additional condition, such that
0 < µ, Cv, k ∈ C1(R2), µ = µ(ρ, ρθ), Cv = Cv(ρ, ρθ), k = k(ρ, ρθ) (12)
for nonconstant coefficients.
The aim of this paper is to use the method of [18] to prove the existence of unique local strong solutions to (1)–(8) with
inf ρ0 = 0. Here it should be noted that, in [18], the authors prescribed the homogeneous Dirichlet boundary condition for
the temperature θ , i.e. θ |∂Ω = 0, instead of the homogeneous Neumann boundary condition, i.e.∇θ ·n|∂Ω = 0, for technical
reasons. We will use a Poincaré-type inequality [19,20] to circumvent this difficulty.
The following is our main result.
Theorem 1. Assume that the data (ρ0,H0, u0, θ0) satisfy the regularity condition
ρ0 ≥ 0, ρ0 ∈ W 1,q, (H0, θ0) ∈ H2, divH0 = 0 inΩ,
H0 · n|∂Ω = ∇θ0 · n|∂Ω = 0, curlH0 × n|∂Ω = 0, u0 ∈ H2 ∩ H10 , div u0 = 0 inΩ
for some 3 < q ≤ 6. Further assume the compatibility condition
−div (2µ0du0)+∇p0 − curlH0 × H0 = ρ1/20 g1, (13)
−div (k0∇θ0)− 2µ|du0|2 − ν0(curlH0)2 = ρ1/20 g2, (14)
for some p0 ∈ H1 and (g1, g2) ∈ L2, and the coefficient condition
0 < ν, µ, Cv, k ∈ C1(R2), ν = ν(ρ, ρθ), µ = µ(ρ, ρθ), Cv = Cv(ρ, ρθ),
k = k(ρ, ρθ). (15)
Then there exists a small time T∗ > 0 and a unique strong solution (ρ,H, u, p, θ) to the initial boundary value problem for
(1)–(8) such that
ρ ∈ C([0, T∗];W 1,q), ρt ∈ C([0, T∗]; Lq),
(H, u, θ) ∈ C([0, T∗];H2) ∩ L2(0, T∗;W 2,q),
p ∈ C([0, T∗];H1) ∩ L2(0, T∗;W 1,q),
(Ht , ut , θt) ∈ L2(0, T∗;H1) and (Ht ,√ρut ,√ρθt) ∈ L∞(0, T∗; L2).
(16)
The detailed proof of Theorem 1 is given in the following two sections. In Section 2, we consider a linearized problem
and derive some local estimates for the solutions independent of the lower bound of the initial density and in Section 3, we
prove the theorem by applying a classical iteration argument based on the uniform estimates.
2. A priori estimates for a linearized problem
To prove Theorem 1, we consider the following linearized problem:
∂tρ + div (ρv) = 0, (17)
∂tH + curl (H × v)+ curl (ν0curlH) = curl ((ν0 − ν)curl h), (18)
divH = 0, (19)
∂t(ρu)+ div (ρv ⊗ u)− div (2µ0du)+∇p = div (2(µ− µ0)dv)+ curlH × H, (20)
div u = 0, (21)
Cv(∂t(ρθ)+ div (ρθv))− div (k0∇θ) = div ((k− k0)∇η)+ 2µ(dv)2 + ν(curlH)2 (22)
2744 H. Wu / Computers and Mathematics with Applications 61 (2011) 2742–2753
in (0, T )×Ω together with the initial and the boundary conditions
(ρ,H, u, θ)|t=0 = (ρ0,H0, u0, θ0), (23)
(H · n, curlH × n, u,∇θ · n)|∂Ω = (0, 0, 0, 0), (24)
where we write
ν := ν(ρ, ρη), µ := µ(ρ, ρη), Cv := Cv(ρ, ρη), k := k(ρ, ρη), µ0 := µ(ρ0, ρ0θ0), and
k0 := k(ρ0, ρ0θ0)
for simplicity. Throughout this section, we assume that the data (ρ0,H0, u0, θ0) satisfy
ρ0 ≥ 0, ρ0 ∈ W 1,q, (H0, θ0) ∈ H2(Ω), u0 ∈ H2 ∩ H10 , div u0 = 0 inΩ,
−div (2µ0du0)+∇p0 − curlH0 × H0 = ρ1/20 g1, and
−div (k0∇θ0)− 2µ0|du0|2 − ν0(curlH0)2 = ρ1/20 g2
(25)
for some q ∈ (3, 6], p0 ∈ H1 and (g1, g2) ∈ L2. We assume further that the pair (h, v, η) of known vector and scalar fields
satisfies
(h, v, η) ∈ C([0, T ];H2) ∩ L2(0, T ;W 2,q), (ht , vt , ηt) ∈ L2(0, T ;H1),
div v = 0 inΩ, v|∂Ω = 0, (h · n, curl h× n,∇η · n) = (0, 0, 0) on (0, T )× ∂Ω. (26)
First, we prove an existence result for the problems (17)–(24) for the case where ρ0 is bounded below away from zero.
Lemma 2. In addition to (25) and (26), we assume that ρ0 ≥ δ inΩ for some constant δ > 0. Then there exists a unique solution
(ρ,H, u, p, θ) to the linearized problems (17)–(24) such that
ρ ∈ C([0, T∗];W 1,q), (H, u, θ) ∈ C([0, T∗];H2) ∩ L2(0, T∗;W 2,q),
p ∈ C([0, T∗];H1) ∩ L2(0, T∗;W 1,q), ρt ∈ C([0, T∗]; Lq),
(Ht , ut , θt) ∈ C([0, T∗]; L2) ∩ L2(0, T∗;H1) and ρ ≥ 12δ in (0, T∗)×Ω.
(27)
Proof. Since the proof is the same as that in [18], we omit the details here. 
The purpose of this section is to derive some local (in time) a priori estimates for (ρ,H, u, p, θ) which are independent
of the lower bound δ of ρ0. For this purpose, we choose a fixed constant c0 > 1 such that
c0 ≥ 1+ ‖ρ0‖W1,q + ‖(H0, u0, θ0)‖H2 + ‖(g1, g2)‖
and assume that
(h(0), v(0), η(0)) = (H0, u0, θ0),
sup
0≤t≤T∗
‖(h, v)(t)‖H1 +
∫ T∗
0
‖vt(t)‖2H1 + ‖v(t)‖2W2,qdt ≤ 2c1,
sup
0≤t≤T∗
‖(h, v, η)(t)‖H2 +
∫ T∗
0
‖ht(t)‖2H1 + ‖h(t)‖2W2,q + ‖∇ηt(t)‖2 + ‖η(t)‖2W2,qdt ≤ 2c2,
sup
0≤t≤T∗
‖η(t)− η(0)‖W1,4 ≤ 2c−12 and
∫ T∗
0
‖ρ0ηt(t)‖2dt ≤ 2c−62
(28)
for some constants c1, c2 and T∗ with 1 < c0 ≤ c1 ≤ c2 and 0 < T∗ ≤ T , which will be determined later and depend
only on c0 and the parameters of C . Throughout this and the following sections, we denote by C a generic positive constant
depending only on the fixed constants q, T , ‖ν‖C1(R2), ‖µ‖C1(R2), ‖Cv‖C1(R2) and ‖k‖C1(R2). Moreover,M := M(·) denotes a
generic increasing continuous function from [1,∞) to [1,∞) which depends only on the parameters of C . We also adopt
the simplified notation ν(t) := µ(ρ(t), ρ(t)η(t)), etc.
In [18], the authors proved the following estimates for the density ρ:
Lemma 3.
‖ρ(t)‖W1,q ≤ Cc0, ‖ρt(t)‖Lq ≤ Cc0c1/21 c1/22 ≤ Cc22 , (29)
‖ρ(t)− ρ0‖L∞ ≤ Cc−402 , (30)
‖ρ(t)− ρ0‖L6 ≤ Cc−202 (31)
for 0 ≤ t ≤ T1 := T∗ ∧ c−12 ∧ c−α2 , α := 42q−3q−3 ∨ 100.
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Here and later on we will use a ∧ b := min(a, b) and a ∨ b := max(a, b).
Using (28)–(30), we easily show that
M(c0)−1 ≤ ν(t), µ(t), Cv(t), k(t) ≤ M(c0),
‖(ν(t)− ν0, µ(t)− µ0, k(t)− k0)‖L∞ ≤ M(c0)c−12 ,
‖(ν(t), µ(t), Cv(t), k(t))‖W1,q1 ≤ M(c0),
‖(ν(t), µ(t), Cv(t), k(t))‖W1,q ≤ M(c0)c2
(32)
for 0 ≤ t ≤ T1, q1 := q ∧ 4. Moreover, in view of (29) and (31), and using the Poincaré-type inequality [19,20]
‖ηt‖L6 ≤ M(c0)(‖√ρ0ηt‖ + ‖∇ηt‖), (33)
we have∫ t
0
‖(νt(s), µt(s), (Cv)t(s), kt(s))‖2L3ds ≤ M(c0)
∫ t
0
‖ρt‖2L3 + ‖ρt‖2L3‖η‖2L∞ + ‖ρηt‖2L3ds
≤ M(c0)

c42 t +
∫ t
0
‖ρ − ρ0‖2L6‖ηt‖2L6 + ‖ρ0‖L∞‖
√
ρ0ηt‖ ‖ηt‖L6ds

≤ M(c0)

c42 t +
∫ t
0
‖ρ − ρ0‖2L6(‖
√
ρ0ηt‖2 + ‖∇ηt‖2)
+‖√ρ0ηt‖(‖√ρ0ηt‖ + ‖∇ηt‖)ds

≤ M(c0)

c42 t +
∫ t
0
c−202 (‖
√
ρ0ηt‖2 + ‖∇ηt‖2)ds+ c−62 + c−5/22

≤ M(c0)(c42 t + c−262 + c−192 + c−62 + c−5/22 )
≤ M(c0)c−22 (34)
for 0 ≤ t ≤ T1.
Remark 2.1. The constant in (33) may depend on Ω , and thus we do not know how to solve the problem in an exterior
domain with the homogeneous Neumann boundary condition for the temperature.
The following lemma gives the estimates for the magnetic field H:
Lemma 4.
‖curlH(t)‖ ≤ Cc0,
∫ t
0
‖curl 2H‖2ds ≤ M(c0), (35)
‖Ht‖2 +
∫ t
0
‖curlHt‖2ds ≤ M(c0)c1, (36)
‖curl 2H(t)‖ ≤ M(c0)(c0c1/21 c1/22 + c20c1−3/q1 c3/q2 ), (37)∫ t
0
‖H‖2W2,qds ≤ M(c0)c1 (38)
for 0 ≤ t ≤ T2.
Proof. (18) can be rewritten as
∂tH + curl (H × v)+ ν0curl 2H +∇ν0 × curlH = (ν0 − ν)curl 2h+∇(ν0 − ν)× curl h.
Multiplying this by curl 2H and integrating overΩ , we have
1
2
d
dt
∫
Ω
(curlH)2dx+
∫
Ω
ν0|curl 2H|2dx ≤ ‖∇ν0‖Lq‖curlH‖
L
2q
q−2
‖curl 2H‖ + ‖ν − ν0‖L∞‖curl 2h‖ ‖curl 2H‖
+‖∇(ν − ν0)‖L3‖curl h‖L6‖curl 2H‖. (39)
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It is easy to compute that
M(c0)−1 ≤ ν0, ‖∇ν0‖Lq ≤ Cc20 ,
‖curlH‖
L
2q
q−2
≤ C‖curlH‖1−3/q‖curl 2H‖3/q,
‖ν − ν0‖L∞ ≤ M(c0)c−12 , ‖curl 2h‖ ≤ 2c2,
‖∇(ν − ν0)‖L3 ≤ Cc0c2, ‖curl h‖L6 ≤ C‖curl 2h‖ ≤ 2Cc2.
Inserting these estimates into (39), we get
1
2
d
dt
∫
Ω
(curlH)2dx+M(c0)−1
∫
Ω
|curl 2H|2dx ≤ Cc20‖curlH‖1−3/q‖curl 2H‖1+3/q
+M(c0)‖curl 2H‖ + Cc0c22‖curl 2H‖.
Using Young’s inequality, we have
d
dt
∫
Ω
(curlH)2dx+M(c0)−1
∫
Ω
|curl 2H|2dx ≤ Cc
4
1−3/q
0 ‖curlH‖2 +M(c0)+ Cc20c42
which implies (35) by the Gronwall’s inequality.
Applying ∂
∂t to (18), testing the resulting equation using Ht , we obtain
1
2
d
dt
∫
Ω
H2t dx+
∫
Ω
ν0(curlHt)2dx =
∫
Ω
(v × Ht)curlHtdx+
∫
Ω
(vt × H)curlHtdx
+
∫
Ω
(ν0 − ν)tcurl h · curlHtdx+
∫
Ω
(ν0 − ν)curl ht · curlHtdx
=: I1 + I2 + I3 + I4. (40)
Using Hölder’s inequality and the Sobolev inequality together with (28) and (35), we can estimate each term Ii as follows:
I1 ≤ ‖v‖L∞‖Ht‖ ‖curlHt‖ ≤ C‖v‖H2‖Ht‖ ‖curlHt‖
≤ Cc2‖Ht‖ ‖curlHt‖ ≤ M(c0)c22‖Ht‖2 +
1
8
M(c0)−1‖curlHt‖2,
I2 ≤ ‖vt‖L3‖H‖L6‖curlHt‖ ≤ Cc0‖vt‖L3‖curlHt‖
≤ M(c0)‖vt‖2L3 +
1
8
M(c0)−1‖curlHt‖2,
I3 ≤ ‖νt‖L3‖curl h‖L6‖curlHt‖ ≤ c2‖νt‖L3‖curlHt‖
≤ M(c0)c22‖νt‖2L3 +
1
8
M(c0)−1‖curlHt‖2,
I4 ≤ ‖ν − ν0‖L∞‖curl ht‖ ‖curlHt‖ ≤ M(c0)c−12 ‖curl ht‖ ‖curlHt‖
≤ M(c0)c−22 ‖curl ht‖2 +
1
8
M(c0)−1‖curlHt‖2.
Inserting the above estimates into (40), we see that
d
dt
∫
Ω
H2t dx+M(c0)−1
∫
Ω
|curlHt |2dx ≤ M(c0)c22‖Ht‖2 +M(c0)‖vt‖2L3 +M(c0)c22‖νt‖2L3
+M(c0)c−22 ‖curl ht‖2
which gives (36) by Gronwall’s inequality and (28), (34) and (35).
Applying the elliptic regularity to (18), we easily obtain
‖curl 2H(t)‖ ≤ M(c0)

‖Ht‖ + ‖curl (H × v)‖ + ‖∇ν0 × curlH‖ + ‖(ν0 − ν)curl 2h‖ + ‖∇(ν0 − ν)× curl h‖

≤ M(c0)

c1/21 + ‖v‖L6‖curlH‖L3 + ‖H‖L6‖∇v‖L3 + ‖∇ν0‖Lq‖curl h‖
L
2q
q−2
+‖ν − ν0‖L∞‖curl 2h‖ + ‖∇(ν0 − ν)× curl h‖

≤ M(c0)

c1/21 + c1‖curlH‖1/2‖curl 2H‖1/2 + c0‖∇v‖1/2‖v‖1/2H2
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+ c20‖curl h‖1−3/q‖curl 2h‖3/q + ‖∇(ν0 − ν)× curl h‖

≤ M(c0)

c1/21 + c1c1/20 ‖curl 2H‖1/2 + c0c1/21 c1/22 + c20c1−3/q1 c3/q2 + ‖∇(ν0 − ν)× curl h‖

. (41)
We estimate the last term as follows:
|∇(ν0 − ν)| ≤ C(|∇ρ0| + |ρ0∇η0| + |η0∇ρ0| + |∇ρ| + |ρ∇η| + |η∇ρ|)
and
|ρ∇η| ≤ |ρ||∇(η − η0)| + |ρ||∇η0|,
|η∇ρ| ≤ |η − η0||∇ρ| + |η0||∇ρ|.
Thus
‖∇(ν0 − ν)× curl h‖ ≤ 7Cc20‖curl h‖
L
2q
q−2
+ c0‖η − η0‖W1,4‖curl h‖L4
≤ Cc20‖curl h‖1−3/q‖curl 2h‖3/q + Cc0c−12 c2
≤ Cc20c1−3/q1 c3/q2 . (42)
Combining (41) and (42) and using the Young’s inequality gives (37).
Applying the elliptic regularity to (18) again, we easily obtain∫ t
0
‖H‖2W2,qds ≤ M(c0)
∫ t
0
‖Ht‖2Lq + ‖curl (H × v)‖2Lq + ‖∇ν0 × curlH‖2Lq
+‖(ν0 − ν)curl 2h‖2Lq + ‖∇(ν0 − ν)× curl h‖2Lqds
≤ M(c0)c1 +M(c0)
∫ t
0
‖curlH‖2L∞‖v‖2Lq + ‖H‖2L∞‖∇v‖2Lq + ‖∇ν0‖2Lq‖curlH‖2L∞
+‖ν0 − ν‖2L∞‖curl 2h‖2Lq + ‖∇(ν0 − ν)‖2Lq‖curl h‖2L∞ds.
Now using the Gagliardo–Nirenberg inequality
‖curlH‖L∞ ≤ C‖curlH‖
2q−6
5q−6 ‖curl 2H‖
3q
5q−6
Lq ,
Young’s inequality, the Sobolev inequality, and (28), (29), (32), (35) and (37), we have∫ t
0
‖H‖2W2,qds ≤ M(c0)c1 +M(c0)
∫ t
0
‖curlH‖2‖v‖
4(q−3)
5q−6
Lq + ‖curl 2H‖2‖∇v‖2Lq
+‖curlH‖2‖∇ν0‖
4(q−3)
5q−6
Lq + ‖curl h‖2‖∇(ν0 − ν)‖
4(q−3)
5q−6
Lq ds
≤ M(c0)c1 +M(c0)
∫ t
0
c20c
4(q−3)
5q−6
1 + c21c42 + c20c
8(q−3)
5q−6
0 + c21c
4(q−3)
5q−6
2 ds
≤ M(c0)c1
for all 0 ≤ t ≤ T2 := T1 ∧ c−11 c−42 ∧ c−11 c
− 4(q−3)5q−6
2 ∧ c
− 4(q−3)5q−6
1 .
This proves (38). 
The following lemma gives estimates for the velocity u. Since the calculations are very similar to those in [18], we will
sketch its proof here.
Lemma 5.
‖√ρut(t)‖2 + ‖u(t)‖2H10 +
∫ t
0
‖ut(s)‖2H10ds ≤ M(c0), (43)
‖(∇u(t), p(t))‖H1 ≤ M(c0)c21c3/q12 , (44)∫ t
0
‖u(s)‖2W2,q + ‖p(s)‖2W1,qds ≤ M(c0) (45)
for 0 ≤ t ≤ T2.
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Proof. Applying ∂
∂t to (20), and using curlH × H = div

H ⊗ H − 12H2I

, we have
ρutt + ρv · ∇ut − div (2µ0dut)+∇pt = −ρtut − (ρv)t · ∇u+ div (2(µ− µ0)dv)t + div (H ⊗ Ht − H · HtI).
Multiplying this by ut and integrating overΩ , then by virtue of (17), we derive
1
2
d
dt
∫
Ω
ρu2t dx+
∫
Ω
2µ0|dut |2 = −
∫
Ω
ρtu2t dx−
∫
((ρv)t · ∇u)utdx
− 2
∫
Ω
((µ− µ0)dv)t : ∇utdx−
∫
Ω
(H ⊗ Ht − H · HtI) : ∇utdx.
The last term can be bounded by
‖Ht‖ ‖H‖L∞‖∇ut‖ ≤ C‖H‖H2‖Ht‖ ‖∇ut‖
which is the easiest term. And then using the same proofs as in [18], we get (43)–(45). 
The following lemma gives estimates for the temperature θ . Since we consider the homogeneous Neumann boundary
condition for θ , which could not be dealt with in [18], we detail the proofs here.
Lemma 6.
‖√ρθt(t)‖2 + ‖∇θ(t)‖2H1 +
∫ t
0
‖∇θt(s)‖2 + ‖θ(s)‖2W2,qds ≤ M(c0)c41c3/q12 , (46)
‖θ(t)− θ0‖W1,4 ≤ M(c0)c−22 , (47)∫ t
0
‖ρ0θt(s)‖2ds ≤ M(c0)c−72 , (48)
for 0 ≤ t ≤ T2.
Proof. Differentiating (22) with respect to time, we obtain
Cvρθtt − div (k0∇θt) = −(Cvρ)tθt − (Cvρv · ∇θ)t + div ((k− k0)∇η)t + (2µ|dv|2 + ν(curlH)2)t .
Then multiplying this by θt and integrating overΩ , we have
1
2
d
dt
∫
Ω
Cvρθ2t dx+
∫
Ω
k0(∇θt)2dx = −
∫
Ω
1
2
(Cv)tρθ2t dx−
∫
Ω
1
2
Cvρtθ2t dx−
∫
Ω
(Cvρv · ∇θ)tθtdx
−
∫
Ω
((k− k0)∇η)t · ∇θtdx+ 2
∫
Ω
(µ|dv|2)tθtdx+
∫
Ω
(ν(curlH)2)tθtdx
=: I5 + I6 + I7 + I8 + I9 + I10.
We use (29), (32), (34), (43), (44) and (35)–(38) and the Poincaré-type inequality [19,20]
‖θt‖L6 ≤ M(c0)(‖√ρθt‖ + ‖∇θt‖)
to bound Ii (i = 5, . . . , 10) as follows:
I5 ≤ M(c0)‖(Cv)t‖L3‖√ρθt‖ ‖θt‖L6
≤ M(c0)‖(Cv)t‖L3‖√ρθt‖(‖√ρθt‖ + ‖∇θt‖)
≤ M(c0)
‖(Cv)t‖L3 + ‖(Cv)t‖2L3 ‖√ρθt‖2 + 116 infΩ k0‖∇θt‖2,
I6 = 12
∫
Ω
div (ρv)Cvθ2t dx
≤
∫
Ω
ρ|v‖∇Cv‖θt |2dx+
∫
Ω
ρ|v|Cv|θt ||∇θt |dx
≤ C‖ρ‖1/2L∞ ‖v‖L6‖∇Cv‖Lq‖
√
ρθt‖
L
3q
2q−3
‖θt‖L6 + C‖ρ‖1/2L∞ ‖v‖L∞‖
√
ρθt‖ ‖∇θt‖
≤ M(c0)c1c22‖
√
ρθt‖
L
3q
2q−3
‖θt‖L6 +M(c0)c2‖√ρθt‖ ‖∇θt‖.
Now using the interpolation inequality,
‖√ρθt‖
L
3q
2q−3
≤ ‖√ρθt‖ 32− 3q ‖√ρθt‖
3
q− 12
L6
≤ M(c0)‖√ρθt‖ 32− 3q ‖θt‖
3
q− 12
L6
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and thus
I6 ≤ M(c0)c1c22‖
√
ρθt‖ 32− 3q ‖θt‖
1
2+ 3q
L6
+M(c0)c2‖√ρθt‖ ‖∇θt‖
≤ M(c0)(c1c22 )
4q
3q−6 ‖√ρθt‖2 + 116 inf k0‖θt‖
2
L6 +
1
16
inf k0‖∇θt‖2
≤ M(c0)(c1c22 )
4q
3q−6 ‖√ρθt‖2 + 18 inf k0‖∇θt‖
2,
I7 ≤ ‖∂tCv‖L3‖ρv‖L∞‖∇θ‖ ‖θt‖L6 + ‖Cvv‖L∞‖ρt‖L3‖∇θ‖ ‖θt‖L6
+ Cv‖ρ‖1/2L∞ ‖vt‖L6‖∇θ‖L3‖
√
ρθt‖ + Cv‖ρ‖1/2L∞ ‖v‖L∞‖∇θt‖ ‖
√
ρθt‖
≤ M(c0)c2‖∂tCv‖L3‖∇θ‖(‖√ρθt‖ + ‖∇θt‖)+M(c0)c32‖∇θ‖(‖
√
ρθt‖ + ‖∇θt‖)
+M(c0)‖∇vt‖ ‖∇θ‖L3‖√ρθt‖ +M(c0)c2‖∇θt‖ ‖√ρθt‖
≤ M(c0)(c22‖∂tCv‖2L3 + c62 + ε‖∇vt‖2)(‖∇θ‖2 + ‖
√
ρθt‖2)+ ε−1‖∇θ‖2L3 +
1
16
inf k0‖∇θt‖2,
I8 ≤ C‖kt‖L3‖∇η‖L6‖∇θt‖ + C‖k− k0‖L∞‖∇ηt‖ ‖∇θt‖
≤ Cc2‖kt‖L3‖∇θt‖ +M(c0)c−12 ‖∇ηt‖ ‖∇θt‖
≤ C(c22‖kt‖2L3 +M(c0)c−22 ‖∇ηt‖2)+
1
16
inf k0‖∇θt‖2,
I9 ≤ M(c0)(‖µt‖L3‖∇v‖2L4 + ‖∇v‖L3‖∇vt‖)‖θt‖L6
≤ M(c0)(‖µt‖L3‖∇v‖1/2‖v‖3/2H2 + ‖∇v‖1/2‖v‖1/2H2 ‖∇vt‖)(‖
√
ρθt‖ + ‖∇θt‖)
≤ M(c0)(c1/21 c3/22 ‖µt‖L3 + c1/21 c1/22 ‖∇vt‖)(‖
√
ρθt‖ + ‖∇θt‖)
≤ M(c0)(c1c32‖µt‖2L3 + c1c2‖∇vt‖2)+ ‖
√
ρθt‖2 + 116 inf k0‖∇θt‖
2.
Similarly,
I10 ≤ M(c0)(c1c32‖νt‖2L3 + c1c2‖∇Ht‖2)+ ‖
√
ρθt‖2 + 116 inf k0‖∇θt‖
2.
The rest of the calculations are the same as those in [18], which completes the proof of the lemma. 
From the above Lemmas 2–6, choosing c1 and c2 such that
c1 := M(c0), c2 = M(c0)c41c3/q12 ,
we conclude that
sup
0≤t≤T2
(‖H(t)‖H1 + ‖u(t)‖H10 )+
∫ T2
0
‖ut(t)‖2H10 + ‖u(t)‖
2
W2,qdt ≤ c1, (49)
sup
0≤t≤T2
‖(H, u, θ)(t)‖H2 +
∫ T2
0
‖Ht(t)‖2H1 + ‖H(t)‖2W2,qdt + ‖∇θt(t)‖2 + ‖θ(t)‖2W2,qdt ≤ c2, (50)
sup
0≤t≤T2
‖θ(t)− θ(0)‖W1,4 ≤ c−12 ,
∫ T2
0
‖√ρ0θt(t)‖2dt ≤ c−62 , (51)
sup
0≤t≤T2
(‖ρ(t)‖W1,q + ‖ρt(t)‖Lq + ‖p(t)‖H1)
sup
0≤t≤T2
‖(Ht ,√ρut ,√ρθt)(t)‖ +
∫ T2
0
‖p(t)‖2W1,qdt ≤ c2. (52)
Now we are in a position to prove the main result in this section.
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Theorem 7. Assume that (h, v, η) satisfies (26) with T replaced by T∗, and
(h(0), v(0), η(0)) = (H0, u0, θ0),
sup
0≤t≤T∗
‖(h, v)(t)‖H1 +
∫ T∗
0
‖vt(t)‖2H1 + ‖v(t)‖2W2,qdt ≤ c1,
sup
0≤t≤T∗
‖(h, v, η)(t)‖H2 +
∫ T∗
0
‖ht(t)‖2H1 + ‖h(t)‖2W2,q + ‖∇ηt(t)‖2 + ‖η(t)‖2W2,qdt ≤ c2,
sup
0≤t≤T∗
‖η(t)− η(0)‖W1,4 ≤ c−12 and
∫ T∗
0
‖√ρ0ηt(t)‖2dt ≤ c−62 .
(53)
Then there exists a unique strong solution (ρ,H, u, p, θ) to the linearized problems (17)–(25) in [0, T∗] satisfying the
estimates (49)–(52) as well as the regularity
ρ ∈ C([0, T∗];W 1,q), ρt ∈ C([0, T∗]; Lq),
(H, u, θ) ∈ C([0, T∗];H2) ∩ L2(0, T∗;W 2,q),
p ∈ C([0, T∗];H1) ∩ L2(0, T∗;W 1,q),
(Ht , ut , θt) ∈ L2(0, T∗;H1) and (Ht ,√ρut ,√ρθt) ∈ L∞(0, T∗; L2).
(54)
Proof. Since the proofs are the same as those in [18], we omit the details here. 
3. Proof of Theorem 1
Our proof will be based on the usual argument and on the results (in particular, Theorem 7) in the last section.
Let H0, u0, θ0 ∈ C([0,∞);H2) ∩ L2(0,∞;H3) be the unique solutions to the following linear parabolic problems,
respectively:
∂tH0 + curl 2H0 = 0, divH0 = 0 inΩ,
H0 · n|∂Ω = 0, curlH0 × n|∂Ω = 0,
H0|t=0 = H0.
∂tu0 −1u0 +∇p0 = 0, div u0 = 0 inΩ,
u0|∂Ω = 0,
u0|t=0 = u0.
∂tθ
0 −1θ0 = 0, inΩ,
∇θ0 · n|∂Ω = 0,
θ0|t=0 = θ0.
Then using the same proofs as in [18], it is easy to prove that
sup
0≤t≤1
‖(H0, u0, θ0)(t)‖H2 +
∫ 1
0
‖(H0t , u0t , θ0t )(t)‖2H1 + ‖(H0, u0, θ0)(t)‖2W2,q ≤ c1. (55)
Moreover, since θ0 ∈ C([0∞);H2), θ0t ∈ L2(0,∞;H1) and ρ0 ∈ L3, there is a small time T∗ ∈ (0, 1) such that
sup
0≤t≤T∗
‖θ0(t)− θ0‖W1,4 ≤ c−12 and
∫ T∗
0
‖√ρ0θ0t (t)‖2dt ≤ c−62 . (56)
From (55) and (56), it follows that the pair (h, v, η) := (H0, u0, θ0) satisfies the hypotheses of Theorem 7. Hence
there exists a unique strong solution (ρ,H, u, p, θ) = (ρ1,H1, u1, p1, θ1) to the linearized problems (17)–(25) in (0, T∗)
with (h, v, η) = (H0, u0, θ0) which satisfies the estimates (49)–(52). Note that (h, v, η) = (H1, u1, θ1) also satisfies the
hypotheses of Theorem 7. Hence there exists a unique strong solution (ρ,H, u, p, θ) = (ρ2,H2, u2, p2, θ2) to the linearized
problems (17)–(25) in (0, T∗)with (h, v, η) = (H1, u1, θ1)which satisfies the estimates (49)–(52). By an obvious inductive
argument, we can define a sequence {(ρ i,H i, ui, pi, θ i)}i≥1 such that for each i ≥ 1, (ρ,H, u, p, θ) = (ρ i,H i, ui, pi, θ i) is
the unique solution to the problems (17)–(25) in (0, T∗)with (h, v, η) = (H i−1, ui−1, θ i−1) and satisfies the uniform bound
sup
0≤t≤T∗
‖ρ i(t)‖W1,q + ‖ρ it(t)‖Lq+ sup
0≤t≤T∗
‖(H i, ui, θ i)(t)‖H2 + ‖pi(t)‖H1+ sup
0≤t≤T∗

‖(H it ,

ρ iuit ,

ρ iθ it)(t)‖

+
∫ T∗
0
‖(H it , uit , θ it)(t)‖2H1 + ‖(H i, ui, θ i)(t)‖2W2,q + ‖pi(t)‖2W1,q dt ≤C . (57)
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Throughout the proof, we denote byC a generic positive constant depending only on c0 and the parameters of C , but
independent of i.
From now on, we show that the full sequence {(ρ i,H i, ui, pi, θ i)}i≥1 converges to a solution to the original nonlinear
problems (1)–(8) in a strong sense. Let us define
(ρ i+1,H i+1, ui+1, pi+1, θ i+1) := (ρ i+1 − ρ i,H i+1 − H i, ui+1 − ui, pi+1 − pi, θ i+1 − θ i).
Then from (17)–(22), we derive the equations for the differences
ρ i+1 + ui · ∇ρ i+1 + ui · ∇ρ i = 0, (58)
Ht
i+1 + curl (H i+1 × ui + H i × ui)+ curl (ν0curlH i+1) = curl ((ν i − ν i+1)curlH i)+ curl ((ν0 − ν i)curlH i), (59)
divH
i+1 = 0, (60)
ρ i+1ut i+1 + ρ i+1ui · ∇ui+1 − div (2µ0dui+1)+∇pi+1
= ρ i+1(−uit − ui−1 · ∇ui)− ρ i+1ui · ∇ui + div (2(µi+1 − µi)dui)+ div (2(µi − µ0)dui)
+ div

H i+1 ⊗ H i+1 − 1
2
(H i+1)2I− H i ⊗ H i + 1
2
(H i)2I

, (61)
div ui+1 = 0, (62)
C i+1v ρ
i+1(θt
i+1 + ui · ∇θ i+1)− div (k0∇θ i+1)
= −C ivρ i+1(θ it + ui−1 · ∇θ i)− C ivρ i+1ui · ∇θ i − (C i+1v − C iv)ρ i+1(θ it + ui · ∇θ i)
+ div ((ki+1 − ki)∇θ i)+ div ((ki − k0)∇θ i)+ 2(µi+1 − µi)|dui|2 + 2µi(|dui|2 − |dui−1|2)
+ (ν i+1 − ν i)(curlH i+1)2 + ν i[(curlH i+1)2 − (curlH i)2], (63)
where µi+1 := µ(ρ i+1, ρ i+1θ i), etc.
First, multiplying (58) by ρ i+1 and integrating overΩ , we obtain
d
dt
‖ρ i+1‖2 ≤ 2‖ui‖L6‖∇ρ i‖L3‖ρ i+1‖ ≤Cε−1‖ρ i+1‖2 + ε‖∇ui‖2. (64)
Second, testing (59) by H
i+1
, we get
d
dt
‖H i+1‖2 + C‖curlH i+1‖2 ≤ ‖ui‖L∞‖H i+1‖ ‖curlH i+1‖ + (‖H i‖L∞ + ‖∇H i‖L3)‖∇ui‖ · ‖H i+1‖
+C(‖ρ i+1‖ + ‖ρ iθ i‖)‖curlH i‖L∞‖curlH i+1‖
+‖ν i − ν0‖L∞‖curlH i‖ ‖curlH i+1‖
≤ C‖H i+1‖ ‖curlH i+1‖ +C‖∇ui‖ ‖H i+1‖
+C‖H i‖ 3q5q−6
W2,q
(‖ρ i+1‖ + ‖

ρ iθ
i‖)‖curlH i+1‖
+‖ν i − ν0‖L∞‖curlH i‖ ‖curlH i+1‖.
Hence
d
dt
‖H i+1‖2 +C‖curlH i+1‖2 ≤ Cε−1‖H i+1‖2 + ε‖∇ui‖2 +C‖H i‖ 6q5q−6W2,q (‖ρ i+1‖2 + ‖ρ iθ i‖2)
+‖ν i − ν0‖2L∞‖curlH i‖2. (65)
Next, multiplying (61) by ui+1, integrating overΩ and recalling that
ρ i+1t + div (ρ i+1ui) = 0 in (0, T∗)×Ω,
we obtain
1
2
d
dt
∫
Ω
ρ i+1|ui+1|2dx+
∫
Ω
2µ0|dui+1|2dx
≤
∫
Ω
|ρ i+1‖uit + ui−1 · ∇ui‖ui+1| + |ρ i+1||ui||∇ui||ui+1| + 2|µi+1 − µi‖dui‖∇ui+1|
+ 2|µi − µ0‖dui‖∇ui+1| + C |H i + H i+1‖H i+1‖∇ui+1|dx
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≤ ‖ρ i+1‖ ‖uit + ui−1 · ∇ui‖L3‖ui+1‖L6 +C‖ui‖L6‖∇ui‖L3‖ρ i+1ui+1‖
+ C(‖ρ i+1‖ + ‖

ρ iθi‖)‖∇ui‖L∞‖∇ui+1‖
+ C‖µi − µ0‖L∞‖∇ui‖ ‖∇ui+1‖ + C‖H i + H i+1‖L∞‖H i+1‖ ‖∇ui+1‖
≤ C‖ρ i+1‖(‖uit‖L3 +C)‖∇ui+1‖ +C‖ρ i+1ui+1‖ ‖∇ui‖ + C‖ui‖ 3q5q−6W2,q (‖ρ i+1‖ + ‖ρ iθ i‖)‖∇ui+1‖
+ C‖µi − µ0‖L∞‖∇ui‖ ‖∇ui+1‖ +C‖H i+1‖ ‖∇ui+1‖.
Hence
d
dt
∫
Ω
ρ i+1|ui+1|2dx+C ∫
Ω
|∇ui+1|2dx ≤ C 1+ ‖uit‖2L3 + ‖ui‖ 6q5q−6W2,q ‖ρ i+1‖2 +Cε−1‖ρ i+1ui+1‖2 + ε‖∇ui‖2
+ C‖ui‖
6q
5q−6
W2,q
‖

ρ iθ
i‖2 + C‖µi − µ0‖2L∞‖∇ui‖2 +C‖H i+1‖2. (66)
Finally, multiplying (63) by θ
i+1
and integrating overΩ , we have
1
2
d
dt
∫
Ω
C i+1v ρ
i+1|θ i+1|2dx+
∫
Ω
k0|∇θ i+1|2dx
≤
∫
Ω
|∂tC i+1v |ρ i+1|θ i+1|2 + |∇C i+1v |ρ i+1|ui‖θ i+1|2 + C iv|ρ i+1‖θ it + ui−1∇θ i‖θ i+1| + C ivρ i+1|ui‖∇θ i‖θ i+1|
+ |C i+1v − C iv|ρ i+1|θ it + ui · ∇θ i‖θ i+1| + |ki+1 − ki‖∇θ i‖∇θ i+1|
+ |ki − k0‖∇θ i‖∇θ i+1| +C |µi+1 − µi‖∇ui|2|θ i+1| +C(|∇ui| + |∇ui−1|)|∇ui‖θ i+1|
+ |ν i+1 − ν i||curlH i+1|2|θ i+1| + ν i|curlH i+1|(|curlH i| + |curlH i+1|)|θ i+1|dx
≤C‖∂tC i+1v ‖L3‖ρ i+1θ i+1‖ ‖θ i+1‖L6 +C‖∇C iv‖L3‖ui‖L∞‖ρ i+1θ i+1‖ ‖θ i+1‖L6
+C‖ρ i+1‖ ‖θ it + ui−1∇θ i‖L3‖θ i+1‖L6 +C‖ui‖ ‖∇θ i‖L3‖θ i+1‖L6
+C(‖ρ i+1‖ + ‖ρ iθ i‖)‖θ it + ui · ∇θ i‖L3‖θ i+1‖L6 +C‖ki − k0‖L∞‖∇θ i‖ ‖∇θ i+1‖
+C(‖ρ i+1‖ + ‖ρ iθ i‖)‖∇ui‖2L6‖θ i+1‖L6 +C(‖∇ui‖L3 + ‖∇ui−1‖L3)‖∇ui‖ ‖θ i+1‖L6
+C(‖ρ i+1‖ + ‖ρ iθ i‖)‖curlH i+1‖2L6‖θ i+1‖L6 +C(‖curlH i‖L3 + ‖curlH i+1‖L3)‖curlH i+1‖ ‖θ i+1‖L6
≤C‖∂tC i+1v ‖L3‖ρ i+1θ i+1‖ ‖θ i+1‖L6 +C‖ρ i+1θ i+1‖ ‖θ i+1‖L6
+C‖ρ i+1‖ ‖θ it + ui−1 · ∇θ i‖L3‖θ i+1‖L6 +C‖ui‖ ‖θ i+1‖L6
+C(‖ρ i+1‖ + ‖ρ iθ i‖)‖θ it + ui · ∇θ i‖L3‖θ i+1‖L6
+C‖ki − k0‖L∞‖∇θ i‖ ‖∇θ i+1‖ +C(‖ρ i+1‖ + ‖ρ iθ i‖)‖θ i+1‖L6
+C‖∇ui‖ ‖θ i+1‖L6 +C‖curlH i+1‖ ‖θ i+1‖L6 .
Using the Poincaré-type inequality, we have
d
dt
∫
Ω
C i+1v ρ
i+1|θ i+1|2dx+C ∫
Ω
|∇θ i+1|2dx ≤ C(1+ ‖∂tC i+1v ‖2L3) ∫
Ω
C i+1v ρ
i+1|θ i+1|2dx
+C(1+ ‖θ it + ui−1 · ∇θ i‖2L3)(‖ρ i+1‖2 + ‖ρ iθ i‖2)
+C‖∇ui‖2 +C‖curlH i+1‖2 +C‖ki − k0‖2L∞‖∇θ i‖2. (67)
Now for a small fixed ε > 0, let us define ϕi and ψ i by
ϕi(t) := ‖ρ i(t)‖2 + ‖H i(t)‖2 + ‖

ρ iui(t)‖2 + εC−1‖C ivρ iθ i(t)‖2,
and
ψ i(t) :=C‖curlH i(t)‖2 +C‖∇ui(t)‖2 + εC−1‖∇θ i(t)‖2.
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Then combining (64)–(67), we have
d
dt
ϕi+1(t)+ ψ i+1(t) ≤ C ε−1 + ‖H i‖ 6q5q−6W2,q + ‖uit‖2L3 + ‖ui‖ 6q5q−6W2,q + ‖θ it + ui−1 · ∇θ i‖2L3ϕi+1(t)
+C ε−1‖H i‖ 6q5q−6W2,q + ε−1‖ui‖ 6q5q−6W2,q + ε‖θ it + ui−1 · ∇θ i‖2L3ϕi(t)
+C ‖ν i − ν0‖2L∞ + ε + ‖µi − µ0‖2L∞ + ‖ki − k0‖2L∞ψ i(t)
which implies in view of Gronwall’s inequality that
ϕi+1(t)+
∫ t
0
ψ i+1(s)ds ≤
∫ t
0
Aε(s)ϕi(s)ds+ 12
∫ t
0
ψ i(s)ds, (68)
where
Aε(t) =C ε−1‖H i‖ 6q5q−6W2,q + ε−1‖ui‖ 6q5q−6W2,q + ε‖θ it + ui−1 · ∇θ i‖2L3 .
From (68), we easily deduce that [18]
∞−
i=1

sup
0≤t≤T∗
ϕi+1(t)+
∫ T∗
0
ψ i+1(t)dt

≤C,
which obviously implies that
ρ i → ρ in L∞(0, T∗; L2) and (H i, ui, θ i)→ (H, u, θ) in L2(0, T∗;H1)
as i →∞ for some limits ρ,H, u and θ . By virtue of this strong convergence, one easily verifies that (ρ,H, u, θ) is a weak
solution to the original problems (1)–(8) for some pressure p. Moreover, it follows from (49)–(52) that
ρ ∈ L∞(0, T∗;W 1,q), ρt ∈ L∞(0, T∗; Lq),
(H, u, θ) ∈ L∞(0, T∗;H2) ∩ L2(0, T∗;W 2,q),
p ∈ L∞(0, T∗;H1) ∩ L2(0, T∗;W 1,q),
(Ht , ut , θt) ∈ L2(0, T∗;H1) and (Ht ,√ρut ,√ρθt) ∈ L∞(0, T∗; L2).
(69)
Then adapting the arguments of [18], we can easily prove the continuity in time of the solution (ρ,H, u, p, θ). The proof
of uniqueness is similar to the calculations above and we omit the details here. 
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